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[bookmark: _Toc380229643]Abstract
Some scholars have argued that a the combination of the theoretical ideas of Piaget and Vygotsky pertaining to learning and development could lead to a more productive perspective with which to examine the learning and teaching of mathematics. Other scholars have contested this position. In this paper, I discuss the epistemological dimensions of this debate with a specific focus on the notion of “otherness.” More specifically, I consider the consistency (or the lack thereof) of the various assumptions that have been made about the nature of knowledge arising from the works of Piaget and Vygotsky as well as the various contributions that have been made to the debate, in the mathematics education research, about combining their respective ideas. I illustrate my discussion with brief examples of mathematics classroom research extracted from the existing literature in the field of mathematics education. The main purpose of this paper is to revisit the various conceptualizations of the consistency (or of the lack thereof) of combining Vygotsky’s social views with those of Piaget while expanding the debate by drawing on the newer perspective of otherness. In doing this, I aim to explore the controversy surrounding the unification and harmonization of the two powerful psychological theories put forward by Piaget and Vygotsky. 

[bookmark: _Toc380229644]Context
During the early 1990s research in the field of mathematics education was heavily influenced by the work of the neo-Piagetian radical constructivists and by the “social turn” (Lerman, 2000, p. 19). The neo-Piagetian perspective of radical constructivism was built upon the foundation of Piaget’s work, which subsequently was carried several steps forward by von Glasersfeld. On the other hand, the “social turn” was heavily influenced by the social historical view of the Marxian Vygotsky. In the process of adapting and expanding upon the distinctive theoretical views of Vygotsky and Piaget, many scholars have argued that the Piagetian view of learning tends to downplay the role of social interaction in learning and development. One attempt to address this issue was to combine the respective psychological theories of Piaget and Vygotsky in order to develop a new perspective known as social constructivism. Arguments made for and against this combination led to an intense debate among mathematics education scholars. This debate is especially apparent in the works of Confrey, 1991; Cobb, 1991, 1994, 1994, 1989; Cobb et al., 1992; Cobb et al., 1990; Bauersfeld & Cobb, 1995; Sfard, 1998; Lerman, 1989, 1993, 1994, 1996, 2001; Steffe, 1994; Thomas, 1994; Steffe & Thompson, 2000; Steffe & Kieren, 1994; Davis & Sumara, 2003, 2002; Ernest, 1992, 1994, 2010; Steffe & Tzur, 1994; and von Glasersfeld, 1994, 1990, 1989. 
In this paper, I revisit this debate. In particular, I scrutinize it by highlighting the ways in which the issue of “otherness” is conceptualized by each side of the debate. I characterize an “other” as anything that carries within it the social, cultural and historical vestiges of its formation, use, modifications, becoming and being. A prime example of such an other is in the concept of “the more knowledgeable other” – that is, an other who/which has a better knowing of certain historical and cultural practices of a society (Abtahi, 2017-flm). 
I start with brief descriptions of the respective theories of Piaget and Vygotsky in order to illustrate their fundamental differences in terms of viewing “otherness” and the role of “others.” Then I turn my attention to the principles of social constructivism and to the proposal to combine the respective theories of Vygotsky and Piaget and thus develop a hybrid theory. My discussion of these three theories provide a platform for me to elaborate on various conceptualizations of the notion of otherness. I conclude this paper with series of questions that are aimed at hopefully expanding the breadth and depth of the debate.

[bookmark: _Toc379799627][bookmark: _Toc379799690][bookmark: _Toc379799700][bookmark: _Toc379800046][bookmark: _Toc380229645]THE DISTINCTIVE ASSUMPTIONS OF Vygotsky and Piaget
Piaget and Vygotsky based their respective theories on two fundamentally different orientations. Vygotsky saw the direction of learning and development as extending from the social to the individual (Vygotsky, 1978; Lerman, 1996; Wertsch 1985; Berger, 2005; Cole & Wertsch, 1996), whereas Piaget saw the direction of learning and development as extending from the individual to the social (Piaget, 1966; von Glasersfeld, 1990; Steffe, 1994; Thomas, 1994). These two seemingly simple statements of orientation (i.e., from the social to the individual and from the individual to the social) correspond to two rather complex and ambiguous phrases that guided Vygotsky and Piaget in the process of developing their theories. According to Vygotsky, the origin of the higher mental functions is situated in the social plane. More specifically, humans’ higher mental functions must be viewed as products of mediated activity (i.e., social interactions of any kind). According to Piaget, the process of adaptation in the domain of cognition (i.e., the construction of knowledge) is a process of conceptual equilibration that takes place within the cognizing organism, and the development of cognition involves the expansion of an equilibrium that leads to cognitive change. It is in the careful analysis of these two positions that the significant differences between Vygotsky’s and Piaget’s theories are revealed. I undertake this analysis hereunder.
[bookmark: _Toc379799691][bookmark: _Toc379799701][bookmark: _Toc379800047][bookmark: _Toc380229646]Vygotsky – From the social to the individual
From Vygotsky’s perspective, the construction of the higher mental functions (e.g., the will, interpretation and voluntary attention) is centred outside the individual and in a social plane; the higher mental functions find their place within the individual only after a long series of developmental events (Vygotsky, 1978; Rogoff, 2003; Wertsch & Cole, 1985). On the basis of Marxian ideology, Vygotsky (1979) argued that “the social dimension of consciousness is primary in time and in fact. The individual dimension of consciousness is derivative and secondary” (p. 30). He further explained that “Any function in the child’s cultural development appears twice, or on two planes. First, it appears between people as an inter-psychological category, and then within the child as an intra-psychological category” (p. 163). Instead of claiming that children somehow learn and develop in the process of participating in inter-psychological interactions, Vygotsky posited the existence of an inherent connection between the two planes. Wertsch (1993) highlights this connection as being important to the concept of mediated action. The core idea is that all of our actions are mediated by mediating agents, namely “signs” and “tools,” and that our acts of learning are mediated by the presence of “others” and, in particular, “more knowledgeable others.”
[bookmark: _Toc379799628][bookmark: _Toc380229647]Mediated action – The presence of signs and tools
In part basing his theory on Marx’s ideology, Vygotsky explained that, as we grow in the worlds around us (e.g., the worlds of ethnicity, culture, ideology), many of our biological functions are supplanted by a complex mediated process. More specifically, our elementary forms of behaviour, which presuppose a direct reaction to a task (i.e., the stimulus to response formula), become indirect and mediated and thus require an intermediate link Vygotsky refers to this intermediate link as “X” (see Figure 1). 
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	Figure 1: Actions with an intermediate link [connecting intermediary]


In his subsequent studies and written essays, Vygotsky replaced the X with what he called “mediational means” – including but not limited to “signs” and “tools.” He explained that the use of signs and tools creates new forms of culturally based processes of learning and development. Vygotsky defined tools as means for humans to use external activity to influence objects in the external environment. Examples of tools include a hammer, a nail and a pencil. Signs, on the other hand, are means of internal activity that affect humans internally. Languages, counting systems, algebraic symbol systems and the drawing in Figure 1 (in which a child is sharing two pizzas among six people) are examples of signs. 
Wertsch (1992) explains that Vygotsky’s concept of mediational means/actions illustrates how human learning and development are tied to their cultural, social and institutional origins and settings since these contextual factors both provide and shape the cultural tools that are used by individuals to form and acquire particular types of functioning, such as understanding a mathematical concept. In this approach, the mediational means are the vehicles and the elements that might be characterized as carrying the social and cultural patterns and the knowing of a society. I believe that these mediational means are used, created and modified over time by humans. Hence, their use becomes an indirect interaction with others. 
I emphasize the fact that all human actions, including our teaching and learning of mathematics, employ mediational means in essential ways. Given the fact that these mediational means are products of society, culture, history and politics, it follows that our actions (including our learning) are essentially and indirectly initiated and shaped by the culture, history and politics of “others.”
For example, in creating the drawing set out in Figure 2, Carmen as part of a problem-solving activity attempted to divide two pancakes among six people (Empson, 1999). Carmen’s approach to mathematical problem solving, despite being amenable to being conceptualized as an individual, is mediated by variety of social and historical means – by pancakes, by the act of [image: ]cutting and by the idea of “fair share,” among others. Later, Carmen’s mathematical thinking was mediated by her own drawing, as Carmen explained: “I divided it into six. And I gave them each a sixth from that and then I had the other one to do the same thing with, so I did the same thing with the other one” (Empson, 1999, p. 315). 
 (
Figure 2
:
 Fair share
)This drawing does not merely represent lines and circles, nor does it merely represent a paper and the traces of a pen. Much more importantly, this drawing represents two pancakes that are being divided among six people while mediating Carmen’s mathematical actions in thinking about and solving the problem.
Vygotsky emphasized the role played by meditational means in all of our social interactions. At the same time, he specifically developed the concept of the Zone of Proximal Development (ZPD) in order to direct attention to the role played by others – namely people and meditational means – in the process of learning.
[bookmark: _Toc379799629][bookmark: _Toc380229648]Impossibility of learning without the others
Vygotsky developed the ZPD because of his interest in the ways in which a child develops into what he or she has not yet become (Del Rio & Alvarez, 2007) by learning in collaboration with and under the guidance of others who have a better knowing of social and historical acts. Vygotsky defined the “Zone of Proximal Development” (ZPD) as the distance between the level of actual development (independent problem solving) and the level of potential development (problem solving under adult guidance or in collaboration with more capable peers) (Vygotsky, 1978; Meira & Lerman, 2001). According to Wertch (1985), it was in connection with the ZPD that Vygotsky constructed his ideas about the relationship between inter-psychological and intra-psychological functioning; relation between one and the other. Wertsch argues that the ZPD is “a dynamic region of sensitivity in which the transition from inter-psychological to intra-psychological can be made” (p. 34). That is, the social cultural and political practices of others become part of one’s knowing and practice. A closer look at the ZPD reveals the important assumption within Vygotsky’s theory that a fundamental feature of learning is that it creates the ZPD. Lerman (2014) states that the ZPD is “the mechanism through which learning happens” (p. 22). I aim to illustrate these discussions using an example drawn from Empson’s (1999) study, wherein Sally, Jonathan and Ms. K were discussing the relationship between two eighths and one quarter: 
Jonathan: But two eighths make a quarter. 
Ms. K: Why? [to Jonathan] Why do you think two eighths make a quarter?
Jonathan: Because eighths are pretty small, and quarters are kind of small, so eighths, if you put them together, you would get a quarter. 
Sally: See, look. Here’s a fourth [drawing Figure 3a]. 
Sally: [drawing Figure 3b] Here’s an eighth. And you want to make a fourth, right? All you have to do is erase four [erases the four lines that halve each fourth]. All you have to do is erase the four lines, to get to fourths, eighths can turn into fourths [see Figure 3c]. (p. 321) 
 (
Figure 3
: 
1/4 = 2/8 
)[image: ]
As Empson (1999) notes: 
After Sally’s explanation, Ms. K demonstrated the equivalence of [two eighths to one fourth], by cutting up giant paper cutouts [...]. At each step, she prompted children to tell her what she was doing or asked a child to remind the group of the conjectures they were checking (p. 321).
Jonathan’s initial explanation of the relationship between 2/8 and 1/4 might reveal his potential level of development. Guidance, such as that provided by Sally and Ms. K, would help Jonathan to learn the social and cultural concept of equivalent fractions – specifically through socially shared experiences and in the presence of mediating agents like Sally, Ms. K, language, drawings and mathematical symbols. Hence, Jonathan’s learning becomes mediated by the presence of “others.”
When viewed from a broader perspective, mediated action, in Vygotsky’s view, can be considered an individual’s use of cultural, social, and historical tools and signs. A crucial point that I would like to raise here is that Vygotsky’s explicit and inclusive focus on mediated action – and, more importantly, on mediated learning – highlights the fact that an individual’s actions are inherently and complexly interrelated with the sociocultural context in which he or she is operating. Thus, in analyzing one’s actions (like, for example, mathematical learning) one cannot provide an account of learning without taking into account the “others” along with their cultural, social and historical background. 
[bookmark: _Toc380229649]The Vygotskian conceptualization of the others
Interpreters of Vygotsky have made it clear that the others (in any form of social interaction) play a major role in Vygotsky’s approach to learning. Rogoff (1990) recognizes this significance by stating that children’s cognitive development is understood as only taking place with social support in interaction with others and in the presence of “sociohistorically developed tools that mediate intellectual activity” (p. 35). Van Ores (1992) argues that:
One of the basic tenets of the Vygotskyian approach to education is the assumption that individual learning is dependent on the social interaction. However, it should be clear from the outset that this is not merely a statement of correlation between individual learning and social context. This thesis should be interpreted in its strongest possible form, proposing that qualities of thinking are actually generated by the organizational features of the social interaction (p. 2).
Wertsch (1985) referred to Vygotsky’s theory in concluding that, rather than deriving explanations of psychological activity from the individual’s character and then adding the applicable secondary social influences, scholars ought to focus on “the social unit of activity and regard individual higher cognitive processing as derived from that” (p. 35). Lerman (1996), using Vygotsky’s notion of social interaction, describes his view of “knowledge” by stating that “We receive knowledge of the world through language and other forms of communication. What things signify is learned by us as we grow into our cultures”. Furthermore, in referring to Valerie Walkerdine, Lerman (1994) explains that “Knowledge isn’t in the individual’s mind, nor ‘out there’ in objects or symbols. Knowledge is as people use it, in its context, as it carries individuals along in it and as it constructs those individuals. Knowledge is fully cultural and social […]. Communication drives conceptualization” (p. 4).
[bookmark: _Toc379799630][bookmark: _Toc379799692][bookmark: _Toc379799702][bookmark: _Toc379800049][bookmark: _Toc380229650]Piaget – From the individual to the social
To Piaget, adaptation in the cognitive/conceptual domain is not the same as adaptation in the physiological domain: whereas the latter is a matter of survival or extinction, the former is a matter of conceptual equilibration (von Glasersfeld, 1995). Piaget (1959) believed that “knowledge is a higher form of adaptation” (p. 12). He consequently viewed cognition as an instrument of adaptation for the purpose of constructing a viable conceptual structure. A careful examination of the two italicized expressions – conceptual equilibration and viable conceptual structure – is a prerequisite for more fully understanding the fundamentals of Piaget’s theory. In order to build the foundations of his theory of learning and development, Piaget used the interrelated concepts of assimilation and accommodation to then proceed to discuss the concept of equilibration and the construction of viable conceptual structures.
[bookmark: _Toc379799631][bookmark: _Toc380229651]Assimilation
According to von Glasersfeld, Piaget borrowed the term “assimilation” from biology. In the biological model, when for example someone eats an apple one can say that the body is assimilating the apple. The assimilation of the apple does not mean that it somehow has been modified to fit into the body. What assimilation does mean is that certain useful components of the apple have been extracted by the body and that the residue has been discarded. In his discussion of Piaget’s theory of the cognition model, von Glasersfeld states that cognitive assimilation occurs when the cognizing organism (an individual) fits an experience into a pre-existing conceptual structure. He interprets assimilation as “treating new material as an instance of something known” (von Glasersfeld, 1995, p. 62). Using the biological model of assimilation, von Glasersfeld finds that “the cognitive organism perceives (assimilates) only what it can fit into the structure it already has” (p. 64). This finding raises the following question: If the individual assimilates only what it can fit into a structure that it has already developed, how are new things learned? Given his interest in the processes of adaptation, Piaget addresses this question using the concepts of accommodation, equilibration and viability.
[bookmark: _Toc379799632][bookmark: _Toc380229652]Accommodation, equilibration and viability
When an individual is introduced to a new concept/activity that is not compatible with previously established concepts/activities, the result is perturbation. Perturbation – which can be surprising and/or disappointing – can lead to many different reactions and outcomes (Piaget, 1959). It is for the individual to eliminate a range of perturbations and then to select an accommodation that is viable. “Viable” refers to an accommodation that can restore equilibrium within the individual’s previously established conceptual structure. For example, in Hackenberg and Tillema’s (2009) study, Amber was asked to use the computer generated micro-world of fraction bars to size one third of one fifth. After a few trials, Amber was able to work with the bars to solve the problem. Hackenberg and Tillema (2009) later noted that “this event opens possibilities for the student to review the situation and modify the scheme; we call this type of modification an accommodation” (p. 2). In the process of interacting with the bar, Amber eliminated perturbations (through a succession of trials) and proceeded to select an accommodation that was viable.
The selection of a viable accommodation creates cognitive change. This cognitive change is called learning (von Glasersfeld, 1995). According to von Glasersfeld, Piaget used the term “expanding equilibration” to explain children’s cognitive development (i.e., learning). Expanding equilibration refers to an “increase in the range of perturbations the organism is able to eliminate” (von Glasersfeld, 1995, p. 67). A closer look at the concepts of cognitive change and cognitive development reveals an important assumption: in order for the cognitive change (i.e., learning) to happen, the child should be able to eliminate a wide range of perturbations (i.e., engage in cognitive development). Ultimately, learning happens and knowledge is constructed on an individual basis. 
In order to better explain these rather complex concepts, I use an example drawn from Steffe’s (1994) study. In this study, Laura and Jason were asked to use the Micro-World of Stick to justify why a 3/15 stick is also a 1/5 stick. Figure 3 provides a snapshot of a page from the Micro-World of Stick.
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	Figure 3: Snapshot from the Micro-World of Stick


In working with the Micro-World of Stick, Laura was able to fit the first part of the activity into her pre-existing conceptual structure (assimilation) and then to create a 15/15 stick and to colour the three parts. However, she was not sure of how to measure a 1/5 stick. As Steffe (1994) notes, “...then she tries to measure them by measuring the whole 15/15-stick. […] she re-measures the whole stick several times obviously experiencing perturbation” [emphasis added] (p. 21). In regard to another example, one in which Laura was making 3/4 of a 1/4, Steffe (1994) explains that Laura’s knowledge of fractions was not able to eliminate her perturbations. He states that “operations of a reversible partitive fractional scheme are not sufficient to eliminate this perturbation” (p. 138). From a Piagetian perspective, Laura was engaged in a cognitive conflict that was causing a perturbation that could only be eliminated through adaptation (Steffe & Thompson, 2000), an outcome that would have brought her to a state of equilibrium. The possible alternative, as Steffe noted, would have been for her to be “left in a search mode induced by the perturbation with no action to perform” (Steffe, 1994, p. 139). According to Piaget’s perspective, Laura’s cognitive development can only be advanced if she can eliminate the perturbation. The greater the number of perturbations that Laura can eliminate (through various activities) the more that she can expand the equilibrium within her previously established conceptual structure. In addition, the more that she can expand the equilibrium (i.e., development) the greater the amount of cognitive change that can take place (i.e., learning). In 2004, Steffe analyzed a different part of Jason’s interaction with the Micro-World of Stick and this led to the following explanation: “He could independently engage in the operations that were necessary to produce such explanations or actions, and beyond that he could independently produce a unit fraction that was commensurate with, say, three fifteenths. I consider such independent productions as necessary in order to judge that a child has constructed a commensurate fractional scheme” (p. 159). 
Finally, Steffe and Thompson (2000) argue that, as individuals interact in adaptation, they establish equilibrium among personal schemes of action “constrained by the local limitations imposed by their abilities to accommodate those very schemes” (p. 193). Hence, from a Piagetian perspective, assimilation, accommodation, perturbation and equilibrium generally involve a subject’s (an individual’s) process of cognitive construction. After expanding the application of this concept to any cognitive change (like, for example, the learning of mathematics), learning ultimately becomes an individual construct. 
[bookmark: _Toc380229653]The Piagetian conceptualization of “others”
At no point in his examination of the process of cognitive change did Piaget discuss the contribution of “others.” Nonetheless, in his view, others also play a role – not necessarily in the process of cognitive change (i.e., learning) but instead in the assessment of the viability of the end product (i.e., the newly formed concept or activity). These “others” play an important role in the stabilization and solidification of our experiential reality by providing us with second-order viability. Von Glasersfeld defined this viability as a state of affairs where the conceptual structures of others are thought to have at least some of the knowledge that we as individuals find to be viable in our own dealings with experiences. The principles of radical constructivism were formed based on Piaget’s perspective but were extended, through several steps, by von Glasersfeld (Steffe, 1994; Thompson, 1994). The main principle of the neo-Piagetian radical constructivists is that “Knowledge is not passively received either through the senses or by way of communication. Knowledge is actively built up by the cognizing subject” (von Glasersfeld, 1990, p. 23). The radical constructivists’ view of knowledge is that it is constructed personally and inimitably by the individual. Even though the individual shares and negotiates information received from others as part of the learning environment, knowledge ultimately is constructed on an individual level. 
Hence, one might say that radical constructivists consider the role played by social interactions – alongside that of sensorimotor materials – in the development of an individual’s knowledge. Thompson (1994) believes that “to know a piece of world is to have a viable notion of that piece of the world; viability can be achieved through comparison of one’s knowledge with [that of] others” (p. 43). As is made clear in Thomas’s proposal and in those of other radical constructivists, social interactions are characterized as providing perturbations. Yet, it is ultimately for the individual to eliminate those perturbations and reinstate the equilibrium (Steffe, 1993; von Glasersfeld, 1990). 
In the sections set out above, I provide a general overview of the respective theories of Vygotsky and Piaget. I highlight my understanding of the two perspectives, supported by some examples drawn from the mathematics education literature. In what that follows, I briefly raise a key concern.

[bookmark: _Toc380229654]A KEY Concern – the Role and place of the others 
What caught my attention in close to 54 of the constructivist studies that I reviewed (e.g., Abrahamson et al., 2011; Hackenberg & Tillema, 2009; Hackenberg, 2010; Steffe & Kieren, 1994) was that, on many occasions, the authors characterized the children’s interaction as “independent work” when the child was working or thinking alone or with a mathematical tool. This characterization almost completely disregards the social and cultural origins of the children’s actions and interactions. For example, in Steffe’s (2004) analysis of Jason’s interaction with the Micro-World of Stick, he explains that Jason “could independently engage in the operations that were necessary to produce such explanations or actions, and beyond that he could independently produce a unit fraction that was commensurate with, say, three fifteenths. I consider such independent productions as necessary in order to judge that a child has constructed a commensurate fractional schema” (p. 159). Steffe views Jason’s interaction with the Micro-World of Stick as “independent”; hence the alignment of his argument that the child is constructing knowledge “independently” with the radical constructivists’ view of knowledge construction as an inherently individual activity. However, Steffe’s reference to the supposedly “independent” engagement of the child with the tools may be revisited by taking into consideration, for example, the social origin of the Micro-World of Stick. By social origin, I refer to the designer/creator’s thoughts that are manifested in the design of the tool and that subsequently become part of the child’s social interaction with it. In consequence, the unanswered question is as follows: How is the child “independently” constructing knowledge if he or she is involved in a socially originated and socially organized interaction with, for example, the Micro-World of Stick? I argue that the radical constructivists’ view of the independent interaction of the children fundamentally stems from the ways in which they view “others” and the role played by others (or the lack thereof) in children’s learning. 
This concern about the role of social interaction in the teaching and learning of mathematics is not solely mine. In the various conceptualizations and expansions of the powerful theories of Vygotsky and Piaget, the undervaluation of the role played by “others” and by social interaction in Piaget’s theory emerged as a concern that needed to be addressed. Vygotsky and many of his followers, as well as some radical constructivists, have highlighted the issue that “the role of social interaction” is undervalued in Piaget’s perspective in general and in radical constructivism in particular. Vygotsky (2012), in referring to Piaget’s work, wrote: 
The child is not seen as a part of the social whole, as a subject of social relations. He is not seen as beings who participate in the societal life of the social whole to which he belongs from the outset. The social is viewed as something standing outside the child (p. 83). 
Rogoff (1990) believes that the social-interaction context receives relatively little attention in the bulk of Piaget’s work. She argues that Piaget’s speculations on the social world were mainly limited to the interpersonal context and that this restriction provided for cognitive conflict, “without substantial consideration of the socio-cultural context of the intellectual problems and solutions of cognitive development” (Rogoff, 1990, p. 34). In the field of mathematics education, Cobb (1990) recognizes the lack of attention accorded to the significance of social interaction in stating that “The constructivist approach to cognitive modeling, while offering an account of the psychological processes involved in children’s mathematical development, has tended to downplay the importance of social interaction in the learning process” (p. 126). Ernest (2010) notes that 
A widespread criticism of radical constructivism and indeed of other learning philosophies based on the individual conception of construction is that the account of the cognizing subject emphasizes its individuality, its separateness, and its primarily cognitive representations of its experiences. Its representations of the world and of other human beings are personal…. But such a view makes it hard to establish a social basis for interpersonal communication... (p. 42). 
One attempt to address the issue of the downplayed role of social interaction was made by various constructivist scholars including Confery, Cobb, Ernest and Bauersfeld. The attempt involved the incorporation of social interaction, as viewed by Vygotsky, into an overall constructivist position. Cobb (1990) explains his work as having been influenced to some extent by Vygotsky’s analysis of the role played by social interaction in learning. The result of this view was a possibly complementary perspective on social constructivism. Cobb (1994) then seeks to justify his claim by saying that 
Like Piaget, Vygotsky views learners as active organizers of their experiences but, in contrast, he emphasizes the social and cultural dimensions of development.… Social interaction therefore constitutes a crucial source of opportunities to learn mathematics in that the process of constructing mathematical knowledge involves cognitive conflict, reflection, and active cognitive reorganization. As such, mathematical learning is, from our perspective, an interactive as well as constructive activity (p. 127). 
As discussed by Davis and Sumara (2002) this view is divided into two major streams. In constructivist theory, these are the “subject-centred” stream and the “social” stream. These scholars take the position that constructivist discourses can be separated according to whether individuals construct their own understandings on the one hand or all knowledge is socially constructed on the other hand. Davis and Sumara (2002) explain that “subject-centered accounts can be aligned with the work of Piaget – and include current radical constructivist theories” (p. 411). Social constructivism – the term that is used by some scholars to distance these discourses from subject-centred discourses – is more commonly associated with Vygotsky.
The incorporation of theories about social interactions – as viewed by Vygotsky – into the constructivists’ perspective has produced a wide range of reactions within the mathematics-education community; these cover the spectrum from the necessary (Sfard), to the productive and complementary (Confery, Cobb, Ernest, Bauersfeld) and the highly incoherent (Lerman). 
Sfard (1998), in her article entitled “On Two Metaphors for Learning and the Dangers of Choosing Just One,” bases her argument on the “acquisition metaphor” (AM) and on the “participation metaphor” (PM). She believes that “our work [as mathematics education researchers] is bound to produce a patchwork of metaphors rather than a unified, homogeneous theory of learning” and hence she concludes that one metaphor is not sufficient. To her, it seems “that we can live neither with nor without either of them” and therefore she desires to “make it clear that it is essential that we try to live with both,” especially because, in her view, “too great a devotion to one particular metaphor and rejection of the others can lead to theoretical distortions and to undesirable practical consequences” (Sfard, 1998, p. 4). 
Cobb, Yackel and Wood (1992), much like Ernest and Bauersfeld, view this combination as complementary: “We can observe that when we talk of students’ constructive activities we are emphasizing the cognitive aspect of mathematical learning. It then becomes apparent that we need to complement the discussion by noting that learning is also a process of acculturation” (Cobb, Yackel & Wood, 1992, p. 28). Ernest believes that “Although the primacy of focus of each of conventionalism and radical constructivism is sacrificed in social constructivism, their conjunction in it serves to compensate for their individual weaknesses” (as cited by Lerman, 1994). Bauersfeld (1992) further explains the following: “The fundamental orientation of the work in our own classroom springs from the radical constructivist principle and an integrated and compatible elaboration of the role of the social dimension in these individual processes of constructing as well as the processes of social interaction in the classroom” (p. 2). 
Lerman (1992), on the other hand, argues that the attempt to combine Vygotsky and Piaget, with social constructivism as the outcome, has resulted in an “incoherent theory” (p. 45). He states that the extension of radical constructivism to social constructivism in an attempt to incorporate social interactions has led to an incoherent theory of learning. The incoherence to which Lerman is referring is a reaction to the social constructivists’ attempt to place a much greater emphasis on the social context. He argues that “as long as the individual is at the heart of the process [the construction of knowledge] any social interaction is itself interpreted individually” (Lerman, 1989, p. 44). Lerman (1994) states elsewhere that “using the notion to slip from theory to theory, ignoring the contradictions and disagreements, on the grounds that each offers a richer explanation than the other at different times is, I would argue, to do an injustice to theory and also to be in danger of losing the coherence of each and the insights that each theory, when taken in full, can offer” (p. 139). 
Following Lerman (1992, 1996), I also argue that the incorporation of Vygotsky’s view of social interaction into Piaget’s general theory is bound to lead to an inconsistent theoretical perspective. Social constructivists have appropriated the fundamental ideologies of the radical constructivists and have added the missing element of “emphasis on the role of the other” to its coherent framework. The addition of the element of the “other” to create a less radical and more social constructivism appears to be sound and well reasoned. Yet, the addition of the social as viewed by Vygotsky creates some basis for concern. 
My rationale for this argument is two-fold. Firstly, as I explain above, the ways in which and the extent to which the idea of otherness and the role of the others are conceptualized in the theories of Piaget and Vygotsky are inherently and fundamentally different. From the concept of the ZPD and the concept of mediated actions, it is clear that Vygotsky’s ideology does not carry within it a mere “emphasis” on the social. In his view, actions, including learning, are not even possible without the presence of the others; our actions and being are essentially mediated and hence are essentially social. Secondly, my concerns are heavily focused on the term “construction,” which I believe implies, based on its intrinsic nature, an individualistic view of learning with which Vygotsky’s view of “others” (like, for example, in the more knowledgeable other) stands in stark contrast. Bruner (1996), in a presentation at a conference in Geneva marking the centenary of the births of both Vygotsky and Piaget, explained that constructivism draws on an individualistic philosophy that is quite distinct from the philosophy drawn on by Vygotsky. He further explained that, in Piaget’s view, the world cannot be known directly. Our learning and knowing of the world is constructed with the mediation of the logical operations of assimilation and accommodation. It therefore follows that our knowing is a construction – a construction whose viability can be tested through interactions with others. While Vygotsky, like Piaget, argued for mediated forms of learning he did not think of knowing and learning in terms of an expression of logical operations (Bruner, 1996). Learning, in Vygotsky’s view, expresses itself through interaction with others. That is why the notion of the ZPD is so central to Vygotsky’s theory. Bruner (1996) views the ZPD as a zone in which culture is internalized through the mediation of others. 
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I use this paper to raise two issues. Firstly, I argue that the two seemingly simple phrases pertaining the orientation of a child’s learning and development – from the social to the individual and from the individual to the social – encapsulate the fundamental differences between the respective theories of Vygotsky and Piaget. I underline how, from a Vygotskian perspective, we appropriate in our every action elements of the social, historical and cultural worlds that surround us. Vygotsky systematically formulated the role of social worlds into his concept of mediated action and the role of the act of learning into his concept of the ZPD. To Vygotsky, learning is not possible without the presence of others. On the other hand, Piaget’s assumptions of assimilation and accommodation point to a more individualist supposition about learning. In particular, I would argue that the concept of perturbation, together with its individual-based elimination, forms the underlying rationale for the view of the individual as the foundation for the construction of knowledge. 
Secondly, throughout this paper I emphasize the various ways in which the role of others has been conceptualized by Vygotsky, Piaget and the contributors to the debate about combining their ideas. The reason for this emphasis is to highlight the inconsistency that lies within this conceptualization. From the perspective of Vygotsky and his followers, a child’s higher mental development and knowledge construction are impossible without his or her interaction with others. Conversely, from the perspective of Piaget and his followers, others play a useful if not essential role in child development because they create perturbations that lead to viable adaptation. Given the stark distinction between these two perspectives, it follows that the constructivists’ view of “social interaction” (which is a hybrid concept) makes it possible to place a greater emphasis on social interaction (i.e., social constructivism) or a lesser emphasis on social interaction (i.e., radical constructivism). Yet, the Vygotskian view involves more than just a “greater emphasis on the role of others.” From this perspective, learning, development and the construction of knowledge are products of our social interaction with others – and this interaction can assume virtually any form.
In this review of these two bodies of scholarship, I am still left with questions – questions with which I conclude this article.
In regard to the example of Laura from the Steffe (1994) study, it is interesting to note that Laura needed to eliminate the perturbations and to accommodate a new structure for fractions. This raises the question of how Laura was able to eliminate her perturbations without the presence of others and, in particular, without assistance from others (including from Jason, the interviewer, or from the Micro-World of Stick).
I believe that another ambiguous issue is as follows: if from a Piagetian perspective our knowledge is ultimately based on the individual, would it not follow that our perception of viability (or of the lack thereof) would also be an individual construct? In other words, in comparing my thoughts / knowledge construction about viability with that of another person, I would have to ask myself the following question: how can I be sure that what I “think” the other person perceives as being viable really is that person’s perception? 
Finally, I am still unclear about how the issue of mathematical learning and development is addressed by the perspective that argues for the combination of Vygotsky’s and Piaget’s theories. Given the fact that Vygotsky saw the direction of development as extending from the social to the individual and given the fact that Piaget saw the inverse, I argue that it is appropriate to ask questions about the social constructivists’ view of the direction of a child’s mathematical development.
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